Frequency-independent selection is generally considered as a force that acts to reduce the genetic variation in evolving populations, yet rigorous arguments for this idea are scarce. When selection fluctuates in time, it is unclear whether frequencyindependent selection may maintain genetic polymorphism without invoking additional mechanisms. We show that constant frequency-independent selection with arbitrary epistasis on a well-mixed haploid population eliminates genetic variation if we assume linkage equilibrium between alleles. To this end, we introduce the notion of frequency-independent selection at the level of alleles, which is sufficient to prove our claim and contains the notion of frequency-independent selection on haploids. When selection and recombination are weak but of the same order, there may be strong linkage disequilibrium; numerical calculations show that stable equilibria are highly unlikely. Using the example of a diallelic two-locus model, we then demonstrate that frequency-independent selection that fluctuates in time can maintain stable polymorphism if linkage disequilibrium changes its sign periodically. We put our findings in the context of results from the existing literature and point out those scenarios in which the possible role of frequency-independent selection in maintaining genetic variation remains unclear.
Introduction
There is a general understanding in the population genetics community that constant 2 frequency-independent selection on a well-mixed haploid population eliminates genetic (Dean, 2005) and other ecological mechanisms. Similarly, a recent study (Gulisija et al., 2016) showed that the presence of a modifier of phenotypic plasticity may shelter alleles at 22 selected loci from adverse conditions (termed a "genomic storage effect") and thus lead to a protected polymorphism under temporally varying conditions. Here, however, we focus 24 directly on fitness, as the only trait being modulated. Furthermore, we consider haploid populations, since the random combination of gametes into diploid genotypes may induce 26 frequency-dependent selection on alleles, even if the fitnesses of the diploid genotypes are frequency-independent: with heterozygote advantage, even constant selection on diploids loci allowing for epistasis between genes, and arbitrary linkage between loci, but assuming that contributions of individual alleles to fitness are additive. More recently, Mehta et al. (2015) showed that the discrete replicator dynamics of coordination games always converges 40 to pure Nash equilibria. It follows as a special case that constant haploid selection does not support stable polymorphism under the assumption of linkage equilibrium between be strong linkage. Finally, we provide an example of weak and periodically fluctuating 72 frequency-independent selection and recombination between two loci that maintains genetic variation at a stable equilibrium. We find that linkage disequilibrium is required for stable 74 polymorphism, though its magnitude can be small. We conclude by summarizing and discussing our results, and by laying out the remaining open questions concerning the 76 conundrum of frequency-independent selection and genetic variation.
Notation

78
We assume that there are L genetic loci. Locus i has K i possible allelic variants and we write K = L i=1 K i for the total number of alleles across all loci. Denote the k-th allele 
Note that the choice of locus i to average across does not play a role here, i.e., the sum evaluates to the same value for any locus i.
90
We say that selection on haploids is frequency-independent (at the level of alleles) if the marginal fitness of an allele does not depend on the frequencies of alleles at the same 92 locus. That is, for every choice of alleles j and k on any locus i, we have
This definition encompasses the case of frequency-independent selection on haploids, where 94 every haplotype has a fixed fitness value (Appendix A.1). However, its scope of application is broader, since it does not require a certain ploidy level and allows for certain kinds of 
(c.f. Wright, 1937). Hence, the derivative of mean fitness with respect to an allele yields the marginal fitness of that allele under frequency-independent selection. Assume that the L loci are at linkage equilibrium at all times. This is a restrictive as-
106
sumption, but is valid in the limit where recombination breaks up linkage disequilibria between loci quickly, relative to the rate of selection. At linkage equilibrium, the frequency 108 of each haplotype is the product of the frequencies of its constituent alleles. Consequently, it suffices to follow the dynamics of allele frequencies instead of those of the genotypes. We 110 consider the standard selection dynamics from population genetics in discrete time (generations), neglecting all other evolutionary forces (e.g., mutation) and only describing the 112 effect of selection. In particular, there is no genetic drift, i.e., the population is practically infinite and the dynamics are deterministic. The frequency (p i k ) of allele k on locus i in 114 the next generation is calculated from the frequencies p in the previous generation as
To prove that constant frequency-independent selection at linkage equilibrium elimi-
116
nates genetic variation, we consider the dynamics (3) and assume frequency-independent selection at the level of alleles as defined in equation (1b of the dynamics (3). Hence, the selection dynamics cannot maintain all alleles in the population; some of them are lost and the set of possible genotypes is reduced. Thus third,
146
we repeat the argument for the remaining genotypes by restricting the system to the loci that are still polymorphic, thereby iteratively eliminating alleles from the population. This
148
procedure ends when all loci have become monomorphic, i.e., when only a single genotype is left. Therefore, in the absence of mechanisms creating variation, constant frequency-150 independent selection eventually deprives the population of all its genetic variation.
3.2 Constant frequency-independent selection with weak selec-152 tion and recombination rates eliminates variation
We have shown that when selection is much weaker than recombination, so that the pop-ulation is close to linkage equilibrium, constant frequency-independent selection cannot maintain variation. At the opposite extreme, when selection is much stronger than re- selection maintain variation? To simplify matters, we assume that selection and recombination are weak, but of the same order, so that we can assume continuous time.
160
Appendix A.4 gives an expression for the Jacobian of the continuous-time dynamics in terms of the equilibrium genotype frequencies and the selection coefficients for each haplo-162 type. Crucially, the equilibrium frequencies uniquely determine the selection coefficients, which are proportional to the recombination rates. Necessarily, linkage equilibrium implies 164 neutrality: both epistasis and directional selection on alleles must be zero. Linkage disequilibrium requires epistasis, and directional selection must be set to the value that keeps 166 allele frequencies constant.
We have not found a way to show that the Jacobian necessarily and in general implies 168 instability. However, we have calculated eigenvalues numerically for random genotype frequencies, for up to 6 loci. an additive selective advantage s > 0 and there is an epistatic coefficient in genotypes consisting of an upper and a lower case allele, see Table 2 .
190
Instead of following the four genotype frequencies, we may describe the temporal dynamics of selection by the frequencies p A and p B of the alleles A and B, and the linkage
Due to the symmetry of the parameters, however, it is useful to consider the mean P
194
and difference δ of the upper case allele frequencies, i.e., we write p A = P − δ/2 and p B = P + δ/2. We assume that selection and recombination are both weak, i.e., we
196
consider the limit where s, and r go to zero simultaneously. Then, the dynamics can be approximated by a set of differential equations in continuous time that may be written as
198
(c.f. Appendix A.5.1) remain unchanged if we replace s → αs, → α , r → αr, and t → αt, for any α > 0.
To further exploit the symmetry in the fitness coefficients we imposed above, we look 
212
To obtain an intuitive understanding of how stability may come about, assume that it suffices to consider stability in the direction of P only. Then, the stability of a trajectory 214 of P is given by the sign (negative sign implies stability) of
where the expectation E[·] is taken across a period of selection of length 2τ . Note that 
Stable polymorphism in the limit of rapid fluctuations
We assume that selection fluctuates through the course of two seasons of equal length τ . In
222
the first season, the intensities of selection and epistasis are given by constant s and , see Table 2 . In the second season, selection and epistasis simultaneously change their signs, yet 224 maintain their moduli. We further assume δ ≈ 0; the consistency of this assumption with our results will be affirmed below. As a consequence, we may neglect terms containing δ in equations (4). Thus, the equations for P and D become independent of δ. Finally, we assume quasi-linkage equilibrium, i.e., that D =D(P ) is at its equilibrium
228
given P at all times. This quasi-steady state assumption is only approximate, but the absolute error in equations (4a)-(4b) is likely to be small, at least if D is small itself. By letting the recombination rate r be large relative to s and , the latter is satisfied and we may neglect terms containing D 2 . From equation (4c), we then have
for r s, . Hence in particular, D correlates positively with . We now iterate the two seasons as described in Table 3 with a very short duration, 234 τ = ∆t/2 each, so that we may approximate the solution to the differential equations (4) by a single step of the Euler method. For season 1 and the equation for P , this means
Analogously, the expression for season 2 is P (t + ∆t/2) = F (−s,− ) (P (t)). To apply the two seasons in 238 sequence, we thus need to calculate
Equating this to zero produces a polymorphic equilibrium atP = ( + s)/(2 ), given that |s/ | ≤ 1.
242
Assuming that D is determined by equation (6), we thus have an equilibrium at P =P and δ =δ = 0 (the latter is evident from equation (4b)). Since for small δ the equation 244 for P is independent of δ (see above), the Jacobian matrix at this equilibrium becomes triangular, hence its eigenvalues that determine stability can be read from its diagonal.
246
Thus, stability of P and δ can be assessed separately. For P , linearising the right-hand side of equation (7) yields a negative eigenvalue
Deriving a dynamics for ∆δ similarly to equation (7) and taking the corresponding derivative shows that the second eigenvalue is negative as well, (∂∆δ/∂δ) | (P ,δ) < 0. Thus, we 250 have a stable polymorphism at P =P and δ =δ = 0. In particular, the above assumption δ ≈ 0 is justified. 
Stable oscillations in the symmetric case
The previous section shows that genetic variation can be maintained in the limit of rapid 254 alternations of the two seasons, assuming quasi-linkage equilibrium. In this section, we numerically demonstrate that protected polymorphism is possible for the full dynamics,
256
equation (4), with a finite duration of seasons. Assume that both seasons last for τ = 50 time units, and that s, , and r in the two 258 seasons are given by Table 3 . This conforms to the symmetric situation of the previous section. We iterate the dynamics (4) through multiple seasons for various initial conditions. Table 3 . From all tested initial conditions, the dynamics converge to the shown periodic trajectory oscillating aroundP = 0.375 with δ ≈ 0. In season 1, the dynamics evolve from P 1 to P 2 ; season 2 maps P 2 back to P 1 . dynamics (4) similarly become symmetric with respect to replacing (s, ) → (−s, − ) and the same logic applies. The latter is in concordance with the literature about fluctuating 280 selection on a single haploid locus that predicts the fixation of the allele with the highest geometric mean fitness over time (Felsenstein, 1976 disequilibrium is required to maintain stable polymorphism in our example.
Stable oscillations in asymmetric cases
284
Our analysis of the leading eigenvalue confirms stability in two ways. First, the periodic trajectory is dynamically stable with respect to perturbations of the variables, e.g. due to 286 genetic drift. Second, the model is structurally stable because of its continuous dependence on the model parameters. This implies that a stable periodic trajectory continues to exist 288 under deviations from our reference parameters, even if they break the symmetry between the two seasons we imposed earlier. In particular, this concerns variation in the selection 290 or epistatic coefficients of one or both seasons (e.g. a systematic bias such that the mean selection coefficient is non-zero), random perturbations to s and between seasons, and 292 variation in the durations of seasons.
For example, consider two seasons as described in Table 4 . Note that we chose a higher 294 recombination rate of r = 0.05 to afford reasonably large perturbations of the parameters relative to the previous example (compare Table 3 ). For initial conditions close to P = 0.5, Stable polymorphism can also be maintained if the symmetry between the two loci 304 is perturbed, i.e., if the two genotypes Ab and aB have different fitness values. This can be parametrized by assuming two epistatic coefficients, 1 = 2 , for these genotypes.
306
In Appendix A.5.3, we provide a numerical example for stable polymorphism under this asymmetry with substantial differences between 1 and 2 . Figure 3 : A stable trajectory in the P -D plane with the asymmetric parameter configuration specified in Table 4 . We confirmed local stability numerically (c.f. the main text), yet the trajectory is approached only by a subset of tested initial conditions. In season 1, the dynamics evolve fromP 1 toP 2 ; season 2 mapsP 2 back toP 1 .
Discussion
When discussing the inability of frequency-independent selection to maintain genetic vari-310 ation, population geneticists implicitly refer to constant frequency-independent selection at the allelic level or on haploid populations, rather than to the broader definition of 312 frequency-independent selection at the level of genotypes. For example, consider constant overdominance (heterozygote advantage) at a single diploid locus with alleles A and a.
314
In this selection regime, the fitnesses of the three possible genotypes AA, Aa, and aa are typically scaled as 1, 1 + hs, and 1 + s, respectively, where s > 0 and h > 1. These values 316 are independent of the genotype frequencies, so that selection is frequency-independent at the level of genotypes. Nevertheless, there is genetic polymorphism at equilibrium 318 under selection; under the dynamics (3), the A allele is maintained at a frequency of p A = (h − 1)/(2h − 1) > 0. The fact that genetic variation is maintained in this example 320 is not surprising, since with random mating it is simply not possible to have a population that consists solely of heterozygotes (unless both homozygotes are non-viable). One may 322 thus argue that it is not selection that maintains genetic variation, but rather, the random pairing of gametes to form diploid organisms. However, since the latter cannot be 324 separated from the dynamics of diploid genotypes, such a discussion is futile. In contrast, the dynamics of allele frequencies, equation (3), does not involve a pairing process. Ac-326 cordingly, the notion of frequency-independent selection at the allelic level, as introduced by equation (1b), is sufficient to prove the erosion of genetic variation, and contains the notion of frequency-independent selection on haploids.
In Section 3.1, we show that constant frequency-independent selection on a set of hap-loid loci at linkage equilibrium eliminates genetic variation. However, it is remains unclear if genetic variation may be stably maintained when recombination and selection are com- Trivially, fluctuating selection may maintain polymorphism indefinitely if the direction of selection on two alleles at a single locus changes whenever either allele frequency falls 340 below a threshold value. However, this example is artificial, since the pattern of fluctuations depends on the frequencies of the alleles. In the time-varying framework, frequency-342 independent selection requires that the change of the fitness functions be independent of the allele frequencies. Temporally fluctuating frequency-independent selection is capable demonstrate that stable polymorphism can be maintained in a haploid system with a locus subject to periodic frequency-independent selection and a modifier locus for phenotypic plasticity. They argue that an allele that promotes phenotypic plasticity reduces the effect of selection on linked alleles, hence may cause a "genomic storage effect" by sheltering 364 deleterious alleles. Their model reduces to a dialellic two-locus selection model with epistasis, in which the genotype fitnesses fluctuate periodically -its fitness structure, however,
366
differs from the example we present above. Their study provides further indication that the explicit process of recombination between loci is vital for maintaining genetic variation; 368 in the limit of high recombination rate (i.e., at linkage equilibrium), their proposed mechanism fails. In some cases, dynamically fluctuating linkage disequilibria may indeed give rise 370 to effective negative frequency dependence over time, and thus to stable polymorphism. Further analyses will be necessary to understand the dynamics of linkage disequilibria and 372 their effect on the persistence of genetic variation. We have shown that constant frequency-independent selection on haploids, or on diploids 374 in the absence of dominance, cannot maintain variation at linkage equilibrium; our numerical results show that constant and weak selection and recombination very likely do not 376 maintain variation, even when linkage disequilibrium is strong. However, we do show, using a two-locus example, that fluctuating epistasis can maintain variation when recombination 378 is of the same order as the strength of epistasis. This works through a general mechanism, whereby a positive correlation between linkage disequilibrium and epistasis helps stabilise 380 the polymorphism. Since epistasis amongst a set of loci generates linkage disequilibrium amongst those loci, we expect this mechanism to act as a general stabilising process.
382
However, this process is likely to be weak, especially when epistasis is weak (ε 1). The stabilising force is proportional to E[εD], and since D is itself proportional to epistasis, the 384 stabilising force is of order ε 2 . This makes polymorphisms sensitive to biases in directional selection, E[s]; these must be weaker than ε 2 for the polymorphism to be stable. Moreover,
386
if such biases push the equilibrium away from the centre of allele frequency space, the stabilising force becomes much weaker, since D ∼ ε p A q A p B q B . A caveat here is that it is 
400
This suggests that selection may typically fluctuate strongly, yet largely cancel in the long term.
402
Nevertheless, we believe that the mechanism that we identify is unlikely to be significant in explaining the bulk of variation across the genome. Although selection on the 404 organism can be strong, selection on nucleotide sites must typically be weak; indeed, indirect estimates from patterns of molecular variation suggest selection coefficients that are 
is a list of alleles that sit at their respective loci. Under the assumption of linkage equilibrium between loci, 494 the frequency of any haplotype {P
} is given by the product of the frequencies of the alleles it consists of,
We denote the fitness of the haplotype {P
Note that this does not imply anything about epistatic interactions between the individual 498 alleles.
The mean fitnessw of the population is obtained by averaging the haplotype fitnesses 500 over the haplotype frequencies. Then, the mean fitness is a homogeneous polynomial of degree L, whose positive coefficients are the fitness values of the haplotypes,
Similarly, the marginal fitness of an allele P i λ kκ can be written as
From the mean and marginal fitnesses under constant haploid selection, equations (A.1a) 504 and (A.1b), it is straightforward to see that the marginal fitness of an allele is independent of the allele frequency at its locus, equation (1b).
506
Here, we show that frequency-independent selection at the allelic level, as defined by equation (1b), implies that the mean and marginal fitnesses can be written by equa-508 tions (A.1a) and (A.1b) under the assumption of linkage equilibrium. In this sense, constant haploid selection is contained in the notion of frequency-independent selection at the allelic 
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For each pair of loci, i, j ∈ {1, ..., L}, i = j, we may write the mean fitness in two ways as 
534
A.2 Convergence to the set of equilibrium points
From equation (2), it follows that the dynamics (3) for allele k on locus i may be written
Furthermore,w is a homogeneous polynomial with positive coefficients, see Appendix A.1.
538
Thus, the conditions for the inequality of Baum and Eagon (1967) are met. It follows that the mean fitnessw =w(p) is strictly increasing along trajectories of p under the 540 dynamics (3), remaining constant only at equilibrium,
The space of admissible p is a compact set, hence the values ofw(p) are bounded from 542 above. Thus, every trajectory of the dynamics (3) converges to the set of its equilibrium points. This set may be complicated; nevertheless, the existence of other attractors (e.g. 
The joint equations (3) for the change of allele frequencies are thus a dynamical system on 554 the product of simplices
which has K − L degrees of freedom due to the constraints on the p i k being frequencies.
556
The linearisation of the dynamics (3) around an equilibriump is given by the Jacobian J(p). This matrix has dimensions K × K, and its entry at position (m, n) is obtained from where
According to Appendix A.2, the trajectories of allele frequencies under the dynamics (3) converge to the set of their equilibrium points. These equilibria may be fully polymorphic 564 or on the boundary of the state space ∆. Theorem A.1 below states that any polymorphic equilibrium is unstable, hence trajectories converge to the latter type of equilibria and at 566 least one allele is lost from the population. Proof. This is the case because the dynamics (3) are a projection on the space Using this identity together with equations (1a) and (1b), we calculate the diagonal entries of J(p) (equation (A.8)) as
It follows that the trace of J(p) is
584
Proof of the Theorem. Consider a polymorphic equilibriump of equation (3) and its Jacobian J(p). Because J(p) is a matrix with dimensions K×K, it has K eigenvalues (counting 586 multiplicities). Due to Lemma A.1, at most K − L are non-zero. According to Lemma A.2, the trace and hence the sum of eigenvalues of J(p) is also K − L. Therefore, unless all 588 eigenvalues equal one (the degenerate case), at least one of them has a modulus greater than one. Thus, the polymorphic equilibriump is unstable.
590
A.4 Stability of equilibria in the continuous-time limit
We assume that selection and recombination are weak, so that we can approximate time 592 to be continuous. Selection and recombination are of the same order, so that there may be strong linkage disequilibria. Since only the ratio of the two processes matters, selection fitnesses are s[X]. Because we assume continuous time, s[X] can be positive or negative, and adding a constant to s would make no difference.
598
The rates of change of genotype frequencies are
and R[X|Y, Z] is the rate at which a pair {Y, Z} generates X.
600
If we ignore multiple crossovers, this is a sum over the n − 1 single recombination events, each with rate r 1 , ..., r n−1 . R * [X] is the rate at which X is broken down, which equals 602 the sum of the recombination rates, r T = n−1 i=1 r i . Note that this includes recombination events that generate X itself, but these cancel with corresponding terms in the sum over 604 Y, Z. Writing this explicitly: At equilibrium, ∂ t g[X] = 0 for all X, and the stability is determined by the matrix
(A.12) where the last term arises from differentiatings, and δ X,Y is 1 if X = Y and 0 otherwise. If 610 we specify the equilibrium frequencies and recombination rates, that uniquely determines the s[X]:
+ (s + r T ) . (A.13)
Substituting into Equation (A.12) yields
(A.14)
eigenvalue −r 1 − r 2 − r 3 −r 2 − r 3 −r 1 − r 2 −r 3 −r 2 −r 1 0 r 1 + r 2 + r 3 multiplicity 4 2 2 1 1 1 4 1 Table A .1: Eigenvalues for the symmetric and neutral case, with 4 loci. The eigenvalue r T = r 1 +r 2 +r 3 corresponds to the trivial constant eigenvector, and should be disregarded.
Note that the sum over X is a constant,
which implies that there is a constant eigenvector with eigenvalue r T −s. This corresponds to perturbations that violate the constraint X g[X] = 1, and therefore can be ignored.
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The stability of the equilibrium is determined by whether the largest real part of the remaining eigenvalues is positive.
618
We have not found a way to show analytically that this matrix implies instability, even in the three-locus case. However, it is instructive to examine the completely symmetric 620 case, with two alleles per locus, where all haplotypes are equally common. This corresponds to linkage equilibrium, and allele frequencies all equal to 1/2. With complete symmetry, 622 the eigenvalues can be calculated for up to 4 loci, and depend in a simple way on the recombination rates; Table A.1 shows the 16 eigenvalues for four loci, and suggests the 624 obvious generalisation to n loci. There are n zero eigenvalues, corresponding to neutral change in allele frequency; the question is how these change when the frequencies are 626 perturbed away from linkage equilibrium, and hence away from neutrality. Numerically, one or more of these eigenvalues becomes positive, consistent with our previous result 628 that when selection is much weaker than recombination, so that linkage equilibrium is approached, polymorphism is unstable. However, this does not tell us whether stable equilibria exist when epistasis and linkage equilibria are strong. To investigate that, we calculate eigenvalues of the stability matrix numerically (see the main text).
A.5 Stable polymorphism at two diallelic loci under fluctuating selection 634 A.5.1 Formulation of the dynamics Consider two diallelic loci with genotype fitnesses as given in Table 2 . Under weak selection 636 and recombination (formally: replacing (s, , r) → (αs, α , αr) and letting α → 0), the dynamics of genotype frequencies is Table A .3: A parameter configuration that disrupts the symmetry between the two loci and leads to a stable trajectory under equations (4) with seasonal fluctuations.
